Abstract. In this note we discuss three notions of dimension for triangulated categories: Rouquier dimension, diagonal dimension and Serre dimension. We prove some basic properties of these dimensions, compare them and discuss open problems.
Introduction
We discuss three notions of dimension for triangulated categories: Rouquier dimension, diagonal dimension and Serre dimension. The Rouquier dimension Rdim was defined in [Ro08] , the diagonal dimension Ddim appeared (in the context of algebraic varieties) in [BF12] , and the Serre dimension is a special case of the more general notion of dimension of a category with respect to an endofunctor, which may be extracted from [DHKK13] . We distinguish between lower Serre dimension, denoted Sdim, and upper Serre dimension, denoted Sdim. Our main focus is on triangulated categories Perf(A) for a smooth and compact dg algebra A over a field k. These are categories for which all three dimensions make sense.
The purpose of this article is to study some basic properties of these dimensions, to compare them, and to formulate some open problems. We propose the following four test problems/questions:
(1) Classify categories of dimension zero. (2) Monotonicity: if Perf(A) is a full subcategory of Perf(B), is dim Perf(A) dim Perf(B)? (3) Additivity: is dim Perf(A ⊗ B) = dim Perf(A) + dim Perf(B)? (4) Behavior in families: given a family of categories Perf(A x ), x ∈ Spec R, how does the function dim Perf(A x ) on Spec R behave? Is it semicontinuous? 1) We can completely classify categories with diagonal dimension zero (Proposition 4.6) or Rouquier dimension zero (by results of Hanihara [Ha18] and Amiot [Am07] ). For Serre dimensions we only have partial results and conjectures (Conjecture 5.12, Example 5.11).
2) Monotonicity holds for the Rouquier and diagonal dimension (Subsection 3.2, Proposition 4.12). Monotonicity does not hold for Serre dimension, see Subsection 5.3. It seems to be an interesting problem to modify the definition so that Serre dimension would be monotonous (under certain conditions).
3) Additivity holds for the Serre dimension (Proposition 5.16) and does not in general hold for the other two (Example 7.2). For the diagonal dimension we prove the inequality Ddim Perf(A ⊗ B) Ddim Perf(A) + Ddim Perf(B) (Proposition 4.8, Example 4.11) and there exist examples with the opposite strict inequality for the Rouquier dimension: Rdim Perf(A ⊗ B) > Rdim Perf(A) + Rdim Perf(B) (Example 7.2).
4) Semicontinuity of the Serre dimension holds when we have a family of algebras, not just dg algebras (Theorem 5.17). We have no results about the other two dimensions. But we expect the upper semicontinuity to hold in general for Rouquier and diagonal dimension.
For a dg algebra A, the Rouquier and diagonal dimensions compare as follows (see Proposition 4.10) Rdim Perf(A) Ddim Perf(A).
Also we make the following Conjecture 1.1 (=Conjecture 7.3). Let A be a smooth and compact dg algebra over a field. Suppose Sdim Perf(A) = Sdim Perf(A). Then The first inequality in (1.1) would in particular confirm the expectation that for a smooth projective variety X the Rouquier dimension of the category D b (coh X) is equal to the dimension of X, see [Or09] .
We should note that the Rouquier and diagonal dimensions are by definition nonnegative integers (or +∞). Apriori both Serre dimensions are just real numbers. They do not have to be an integer (Example 7.2) and can be negative (see Example 5.7 for the category with Sdim = Sdim < 0 and Example 5.8 of a smooth and compact dg algebra A with Sdim Perf(A) < 0). We do not know of an example with an irrational lower or upper Serre dimension. For nice categories we expect a reasonable behavior of Sdim and Sdim: Conjecture 1.2 (=Conjecture 5.9). Let A be a smooth and compact dg algebra over a field k. Then Sdim Perf(A) and Sdim Perf(A) are rational numbers, and Sdim Perf(A) is nonnegative.
This paper has a companion [El] , where the three dimensions are computed in many interesting examples. Therefore we decided to include a minimal number of examples in the present text.
The structure of the text is the following. Section 2 introduces notation and contains some well known background material on triangulated categories, enhancements, KrullSchmidt categories, etc. In Section 3 we discuss the Rouquier dimension. Section 4 introduces the diagonal dimension. In Section 5 we study the Serre dimension. Section 6 is devoted to the more general notion of a dimension of a category with respect to an endo-functor which is suggested by [DHKK13] . Finally in Section 7 we try to compare the three dimensions and give some examples. Conjectures and open questions are scattered throughout the text.
We are grateful to Dmitri Orlov for very useful discussions. Examples 5.8 and 5.15 are due to him.
Background material and notation
Here we recall some simple and well known facts about triangulated categories, semiorthogonal decompositions, enhancements, Krull-Schmidt categories etc. The general references on the subject include [BK89] , [BK90] , [BLL04] , [Dr04] , [ELO09] , [Ke94] , [To07] .
2.1. Some notation. Usually we work over a field k. All algebras, dg algebras, schemes are k-algebras, dg k-algebras, k-schemes etc unless stated otherwise. Symbol ⊗ means ⊗ k . Similarly, dim means dim k (dimension of a k-vector space).
For objects X, Y of a triangulated category we use the standard notation 2.2. Generation of triangulated categories. Let T be a triangulated category and let A and B be two subsets of objects in T . We denote by A ⋆ B the subset of objects F of T such that there exists a distinguished triangle
with X ∈ A, Y ∈ B. This operation ⋆ was introduced in [BBD81, p.33] , where it was shown to be associative.
We will be interested in the case when a subset A consists of all objects isomorphic to a finite direct sum of shifts of a given object E (so in particular A contains the zero object). We then denote A = [E] 0 . Define [E] n as the n-fold star product Finally let E n be the full subcategory of T consisting of objects which are direct summands of objects in [E] n . We also put E := ∪ n E n ⊂ T . It is a full thick triangulated subcategory of T . (Note that our indexing of the categories E n differs by one from that used in [BVdB03] and [Ro08] . We count the number of cones used.) Definition 2.1. An object E is called a classical generator of T if T = E . It is called a strong generator if T = E n for some n. Saying about generators or generation in this text we always mean classical generators.
The notion of a strong generator was introduced in [BVdB03] , where it was shown that the category D b (coh X) has a strong generator if X is a smooth and proper k-scheme.
Remark 2.2. Let T be a triangulated category and let l : T → T ′ be a Verdier localization. If E ∈ T is a generator, then l(E) ∈ T ′ is also a generator. Moreover if T = E n for some object E ∈ T , then T ′ = l(E) n .
2.3. Enhancements of triangulated categories. It is convenient (and for some purposes necessary) to work with enhancements of triangulated categories. We recall the definition in [BLL04] . As usual for a dg category A we denote by [A] its homotopy category [To07] .
Definition 2.
3. An enhancement of a triangulated category T is a pair (T , φ), where T is a pre-triangulated dg category and φ : [T ] → T is an equivalence of triangulated categories.
Remark 2.4. Note that if T is a triangulated category and S ⊂ T is a full triangulated subcategory, then an enhancement of T induces an enhancement of S. Indeed, if T is a pre-triangulated category that enhances T take its full dg subcategory S consisting of objects which are mapped to S by φ. Then S is an enhancement of S. Recall that triangulated category Perf(A) is defined as the full triangulated subcategory of D(A) generated by the dg A-module A. It can be intrinsically defined as the category of compact objects in D(A) [Ke94] . Denote by P erf (A) the full dg category of A − hproj consisting of objects that belong to Perf(A). Then P erf (A) is an enhancement of Perf(A). The functor
defines an anti-equivalence of Perf(A) and Perf(A op ) such that (−) ∨∨ is isomorphic to the identity functor.
Lemma 2.5. Let M, N ∈ Perf(A). Then there is a quasi-isomorphism of dg Z-modules
Hence an isomorphism of graded abelian groups
Proof. We may and will assume that M and N are in P erf (A), which allows us to write ⊗ A and Hom A instead of L ⊗ A and R Hom A respectively. Notice that we have a natural morphism of Z-complexes
This morphism is an isomorphism of complexes if M = A, hence it is a quasi-isomorphism for all M, N ∈ P erf (A).
Lemma 2.6. Let T be a pre-triangulated dg category and let E be an object of T . Consider the full triangulated subcategory E ⊂ [T ] which is generated by E. Denote by E T ⊂ T the full pre-triangulated dg subcategory whose objects belong to E (so that E T is an enhancement of E ). Let E := End T (E) be the endomorphism dg algebra of E. Assume that the category E is Karoubian. Then the natural dg functor
maps E T to the dg category P erf (E) and is a quasi-equivalence of these categories. Hence in particular it induces an equivalence of tringulated categories
Proof. The dg functor ψ E maps E to E. Hence it maps E T to P erf (E). By definition it induces an isomorphism
Hence [ψ E ] is full and faithful. Since both categories E and Perf(E) are Karoubian, it follows that [ψ E ] is also essentially surjective. This implies that ψ E : E T → P erf (E) is a quasi-equivalence.
We obtain an immediate corollary.
Corollary 2.7. Let T be a triangulated category with an enhancement T . Assume that T is Karoubian and has a generator. Then the dg category T is quasi-equivalent to the dg category P erf (E) for a dg algebra E. Hence in particular there is an equivalence of triangulated categories T ≃ Perf(E).
Proof. Indeed, we have E = T in the notation of Lemma 2.6. 2.4. Triangulated categories of dg modules over dg algebras. Let R be a commutative ring. Here we collect some fact about dg R-algebras, modules over such algebras and their derived categories. Such a general setting will be needed in Subsection 5.5 and in Theorem 6.15, for the remaining part of the paper one can assume that R is a field.
Recall that an R-complex F ∈ D(R) is perfect if it is locally on Spec R quasi-isomorphic to a finite complex of free O Spec R -modules of finite rank. It is known that a perfect Rcomplex is quasi-isomoprhic to a strict perfect R-complex, i.e. to a finite complex of finitely generated projective R-modules [TT90, Theorem 2.4.3]. It follows that a perfect R-complex which is h-projective, is homotopy equivalent to a strict perfect R-complex.
In this section all dg R-algebras will be assumed to be R-h-projective.
The following definition is due to Kontsevich.
Example 2.9. Suppose R = k is a field. Then any dg R-algebra A is R-h-projective, and A is compact if and only if dim
Example 2.10. Let A be an R-algebra which is a finitely generated projective R-module. Then A considered as a dg R-algebra is R-h-projective and compact.
Definition 2.11. A family of smooth and compact triangulated categories over Spec R is by definition the category Perf(A) for a smooth and compact dg R-algebra A.
Lemma 2.12.
(1) Let A be an R-h-projective dg R-algebra, then any object in A − hproj is also R-h-projective. Similarly, any object in
op -h-projective and R-h-projective. (2) Assume in addition that A is compact. Then any object in P erf (A) is R-hprojective and R-perfect, hence is homotopy equivalent, as an R-complex, to a strict perfect complex. The same is true about R-complexes Hom A (M, N), Hom R (M, R) and M ⊗ A P for M, N ∈ P erf (A) and P ∈ P erf (A op ). (3) If A and B are R-h-projective dg R-algebras, then so is A ⊗ R B. If R → T is a homomorphism of commutative rings and A is an R-h-projective dg R-algebra,
Proof.
(1) For the first statement, take any M ∈ A−hproj, let C be an acyclic R-complex. We have an isomorphism of dg modules
Since A is R-h-projective, the dg module Hom R (A, C) is acyclic. Now since M is A-hprojective, the right-hand side of (2.1) is an acyclic dg module. Thus M is R-h-projective.
Other statements are proved similarly.
(2) This is clear, as every object in P erf (A) is homotopy equivalent to a direct summand of a dg A-module that has a finite filtration with subquotients being shifts of A.
(3) Assume that A and B are R-h-projective and let C be an acyclic R-complex. Then we have an isomorphism of R-complexes
where the complex Hom R (B, C) is acyclic (as B is R-h-projective), hence also Hom R (A, Hom R (B, C)) is acyclic (as A is R-h-projective).
To prove the second statement let D be an acyclic T -complex. Then Hom T (A⊗ R T, D) = Hom R (A, D) and the second complex is acyclic, because A is R-h-projective.
For the last assertion, take any acyclic A T -module C. Then there is an isomorphism Hom A T (M ⊗ R T, C) ≃ Hom A (M, C) of complexes. The second complex is acyclic, because M is A-h-projective.
(4) Replacing M and N by quasi-isomorphic bimodules we may assume that M, N ∈ (A op ⊗ R A) − hproj. Then by (1) M, N are also h-projective as A op , A and R-modules.
Definition 2.13. Dg R-algebras A and B (which are R-h-projective) are Morita equivalent if there exists K ∈ D(A op ⊗ R B) such that the functor
Remark 2.14. In the above definition the functor Φ K restricts to an equivalence between Perf(A) and Perf(B) (because Perf(A) is the subcategory of compact objects in D(A)). In particular, M ⊗ A K ∈ Perf(B) for any M ∈ Perf(A).
Remark 2.15. Morita equivalence is indeed an equivalence relation on the collection of (R-h-projective) dg R-algebras. Indeed, it is clearly reflexive and transitive. It is also symmetric, as the inverse of the equivalence
Remark 2.16. Dg algebras A and B are Morita equivalent if, for example, they are quasi-isomorphic or, more generally, if the dg categories P erf (A) and P erf (B) are quasiequivalent, see [Ke94] .
Let us recall some (surely well known) facts about smooth and compact dg R-algebras and the corresponding categories Perf(A).
Lemma 2.17.
(1) Let A and B be smooth (R-h-projective) dg R-algebras. Then the dg R-algebras A ⊗ R B and A op are also smooth. (2) If A is a smooth dg R-algebra and R → T is a homomorphism of commutative rings, then A L ⊗ R T is a smooth dg T -algebra. Also compactness of a dg algebra is preserved under extension of scalars.
and sends the pair of diagonal bimodules (A, B) to the diagonal bimodule A ⊗ R B. It follows that A ⊗ R B is smooth.
To see that A op is smooth, notice the natural isomorphism of dg algebras
It induces an equivalence of derived categories
which preserves perfect dg modules and diagonal bimodules.
(2) This is [LS14, Thm. 3.30].
Lemma 2.18. Let A and B be R-h-projective dg R-algebras and let
Then the following holds.
(1) K is h-projective as a dg A op -or B-module. (2) The functor
The functor Φ K (and Ψ K ) is an equivalence if and only if the morphisms of dg bimodules α(A) and β(B) are quasi-isomorphisms. If it is the case, Ψ K is the inverse to Φ K . (b) The functor Ψ K is isomorphic to the functor
where
is also the equivalence. Moreover, the functor
is an equivalence which preserves the diagonal bimodules and the subcategories Perf. (5) If A and B are Morita equivalent, then A is smooth if and only if B is smooth.
(1) Let C be an acyclic dg B-module. Then we have a natural isomorphism of R-complexes
and the latter complex is acyclic, since A is R-h-projective and K is A op ⊗ R B-projective. Similarly one proves that K is h-projective as a dg A op -module. (2) The adjunction statement follows from the functorial isomorphism of complexes
The last assertions follows from the explicit formulas for the maps α(A) and β(B):
(3) a) The "only if" direction is clear. Assume that α(A) and β(B) are quasi-isomorphisms. Notice that the functor Φ K preserves direct sums and the functor Ψ K preserves direct sums, since K B is perfect. It follows that morphisms of functors α and β are isomorphisms on triangulated subcategories which contain A and B respectively and are closed under arbitrary direct sums. But then they are isomorphisms on the whole categories D(A) and D(B).
b) Let N ∈ B − hproj. Consider the morphism of functors γ :
Then γ(B) is an isomorphism of complexes. Also both functors Φ K t and Ψ K preserve direct sums. It follows that γ is an isomorphism as in the proof of a) above. c) It suffices to prove that the dg
This map is an isomorphism (of dg
Hence it is a quasiisomorphism for all K which are perfect as dg B-modules.
d) By part (3) a) we know that Φ K is an equivalence if and only if the natural morphisms
are quasi-isomorphisms. So let us assume that these are quasi-isomorphisms. By Lemma 2.12 the R-complexes Hom B (K, K) and Hom B (K, B) are R-h-projective. (Indeed, A and B are R-h-projective, K is a perfect dg B-module which is also B-hprojective by part (1); hence K is R-h-projective). Since K is h-projective as a dg A opmodule (by part (1)), it follows that the R-complex Hom B (K, B)⊗ A K is also h-projective. Therefore the morphisms
are also quasi-isomorphisms. Notice that the corresponding morphisms
T where φ(K) and ψ(K) are the obvious maps
One shows that φ(K) and ψ(K) are quasi-isomorphisms as in the proof of part c) above. This implies that α(A T ) and
, hence the same conditions (2.6) imply that the functor Φ
is an equivalence by (3) a).
To prove that Φ K t ⊠K is an equivalence, note that K t ⊠ K ∈ Perf(B op ⊗ R B) and use (2) and (3) a),b). The right adjoint to Φ K t ⊠K is Φ K⊠K t . It suffices to check that the homomorphism
is a quasi-isomorphism, and similarly for β. But this is true since α(A⊗ R A) = α(A)⊠α(A) and α(A) is a quasi-isomorphism of R-h-projective modules. Finally, by (2) and quasiisomorphisms (2.6) the functor Φ K t ⊠K preserves diagonal bimodules.
(5) This follows from (4).
If a dg R-algebra A is compact by Lemma 2.12 we obtain a dg bi-functor
which induces a bi-triangulated functor
Denote by (−) * the anti-involution Perf(R)
Proposition 2.19. Let A be a (R-h-projective) smooth and compact dg R-algebra.
(1) A dg A-module M is perfect if and only if it is perfect as an R-complex.
(2) The category Perf(A) has a Serre functor. That is there exists a triangulated auto-equivalence S : Perf(A) → Perf(A) and an isomorphism of functors from
Moreover the functor S is isomorphic to (−)
We call it the Serre bimodule. (3) The Serre bimodule and the Serre functor are preserved by extension of scalars.
That is if R → T is a homomorphism of commutative rings and
(5) Let mod-R denote the abelian category of finitely generated R-modules. Then any cohomological functor F : Perf(A) op → mod-R is representable. That is there exists M F ∈ Perf(A) and an isomorphism of functors
(1) It is clear that a perfect dg A-module is also perfect as an R-complex (Lemma 2.12 (2)). Vice versa, let M be a dg A-module which is perfect as an R-complex.
is isomorphic to the identity functor. But A is a perfect dg
(2) Our proof is an adaptation of the corresponding proof in [Sh] for the case R = k. Let M, N ∈ Perf(A). We need to show the existence of a functorial isomorphism in Perf(R):
This follows from the sequence of functorial isomorphisms of R-complexes for M, N ∈ P erf (A):
To see that A * ∈ Perf(A op ⊗ R A) we may use the fact that A * ∈ Perf(R) (Lemma 2.12), part (1) in this proposition and Proposition 2.17(1).
(3) By Lemma 2.12 the R-complex A * is h-projective, hence
For the same reason we have
Now the statement follows from the isomorphism of dg A T -modules
(4) It suffices to note that Hom
is a finitely generated R-module, since A is assumed to be a perfect R-complex.
(5) This follows from (4) and [Ro08, Cor. 4 .17], which is a direct generalization of the corresponding theorem [BVdB03, Thm 1.3] treating the case when R is field.
2.5. Semi-orthogonal decompositions. Let T be a triangulated category. Recall that two full triangulated subcategories T 1 , T 2 ⊂ T form a semi-orthogonal decomposition T = T 1 , T 2 , if Hom(T 2 , T 1 ) = 0 and for every object X ∈ T there exists a distinguished triangle in T :
One can show that for each X the triangle as above is unique up to an isomorphism and the association X → X 1 (resp. X → X 2 ) induces a triangulated functor p 1 : T → T 1 (resp. p 2 : T → T 2 ) which is the left (resp. right) adjoint to the natural embedding T 1 ֒→ T (resp. T 2 ֒→ T ). The functors p i are Verdier localizations.
Corollary 2.20. Let T be a triangulated category with a semi-orthogonal decomposition
Proof. Indeed, since the functors p i are Verdier localizations the first assertion follows from Remark 2.2. The last assertion follows from the definition of a semi-orthogonal decomposition.
Lemma 2.21. Let k be a field. Let C be a dg k-algebra and let Perf(C) = T 1 , T 2 be a semi-orthogonal decomposition. Let T 1 , T 2 ⊂ P erf (C) be the induced enhancements of T 1 and T 2 respectively (see Remark 2.4). Then there exist dg algebras A and B and a dg B op ⊗ k A-module M such that (1) the dg algebra C is Morita equivalent to the triangular dg algebrã
(2) there are quasi-equivalences of pre-triangulated categories T 1 ≃ P erf (A) and T 2 ≃ P erf (B); hence in particular one has natural equivalences of triangulated categories T 1 ≃ Perf(A) and T 2 ≃ Perf(B).
Proof. Choose h-projective generators E 1 and E 2 of T 1 and T 2 respectively. Then by Corollary 2.20 E := E 1 ⊕ E 2 is a generator for Perf C. By Lemma 2.6 the dg category P erf (C) is quasi-equivalent to the dg category P erf (E) where E is the dg algebra End P erf (C) (E). Hence the dg algebras C and E are Morita equivalent (Remark 2.16). If A = End T 1 (E 1 ), B = End T 2 (E 2 ) then the dg algebra E has the matrix form
where M = Hom P erf (C) (E 1 , E 2 ) and N = Hom P erf (C) (E 2 , E 1 ). By the assumption the complex N is acyclic. Hence the dg algebra E is quasi-isomorphic to its dg subalgebrã
Thus in particular E andC are Morita equivalent (Remark 2.16). Therefore the dg algebra C is Morita equivalent to the dg algebraC, which proves the first assertion. The second one follows again from Lemma 2.6. 
Rouquier dimension
Let T be a triangulated category. Following [Ro08] we make the following definition.
Definition 3.1. Let n be the least integer such that there exists an object E in T with T = E n . Then we say that the Rouquier dimension of T , denoted Rdim T , is n. If no such n exists, then the Rouquier dimension is ∞. Thus Rdim T < ∞ if and only if T has a strong generator.
The following results were proved in [Ro08] (7.9, 7.16, 7.17, 7.25, 7.37, 7.38).
Theorem 3.2.
(1) Let X be a separated scheme of finite type over a perfect field. Then the category D b (coh X) has finite Rouquier dimension. (2) Let X be a reduced separated scheme of finite type over a field. The next proposition should be known to experts, but we did not find a reference.
Proposition 3.3. Let A be a Noetherian ring of global dimension n. Then Rdim Perf(A) n.
Proof. We claim that Perf(A) = A n . Let C • be a bounded complex of finitely generated A-modules. Take its Cartan-Eilenberg resolution K •• . It is a bounded bicomplex of projective finitely generated A-modules having the following properties:
(
(2) horizontal differentials are split homomorphisms; (3) number of rows in K •• is n + 1. Clearly, C is obtained from rows of K by n cones. On the other hand, any row of K is homotopy equivalent to the direct sum of its cohomology modules, which are projective finitely generated modules. Hence every row of K belongs to A 0 .
It follows from Theorem 3.2 that for X smooth and quasi-projective over a field the following holds:
Rouquier remarks that in all cases where Rdim D b (coh X) can be computed exactly, one actually has Rdim
Orlov conjectures that this equality holds for every smooth quasi-projective variety X. He also proves the following Theorem 3.4. Let X be a smooth projective curve over a field. Then Rdim D b (coh X) = 1.
3.1. Rdim = 0.
Lemma 3.5. Assume that T is a triangulated Krull-Schmidt category. For example T can be Perf(A) for a compact dg algebra A over a field (see Subsection 2.6). Then Rdim T = 0 if and only if T contains only finitely many indecomposables up to an isomorphism and a shift.
Proof. Let E 1 , . . . , E t be all indecomposables (up to isomorphism and shift) in T . Put E = ⊕E i . Then T = E 0 . Vice versa, let E ∈ T be such that E 0 = T . Let E = ⊕E i be the (finite) decomposition of E into indecomposables. Then clearly {E i } is the complete list of indecomposables in T up to an isomorphism and shift. 3.4. Behavior in families. We expect that the Rouquier dimension is upper semicontinuous. Namely, let R be a commutative Noetherian ring and let A be a smooth and compact dg R-algebra. For x ∈ Spec R, denote by
, where k(x) is the residue field of the point x. Then the function Rdim Perf(A x ), x ∈ Spec R, should be upper semi-continuous on Spec R.
Diagonal dimension
We consider triangulated categories of the form Perf(A), where A is a dg k-algebra. Consider the bifunctor
Definition 4.1. Define the diagonal dimension of the category Perf(A) as the minimal n ∈ Z 0 for which there exist objects F ∈ Perf(A op ) and G ∈ Perf(A) such that the diagonal dg A op ⊗A-module A ∈ F ⊠G n ⊂ Perf(A op ⊗A). If no such n exists then we say that the diagonal dimension is ∞. We denote the diagonal dimension by Ddim Perf(A).
Note that the diagonal dimension of Perf(A) is finite if and only if A is smooth.
Remark 4.2. We show below that the diagonal dimension of the category Perf(A) is a Morita invariant of the dg algebra A. But we don't know if it is an invariant of the triangulated category Perf(A). 
is an equivalence which preserves the diagonal bimodule. Assume that A ∈ F ⊠ G n for some F ∈ Perf(A op ),G ∈ Perf(A) and n. By Lemma 2.18(4) we have
Note that K t ⊗ A F ∈ Perf(B op ) and G ⊗ A K ∈ Perf(B) because functors Φ op K t and Φ K restrict to equivalences on subcategories Perf. Hence, Ddim Perf(B) Ddim Perf(A), the opposite inequality is proved similarly.
We make the following Remark 4.4. Let A be a dg algebra, assume that A ∈ F ⊠ G n for some
4.1.
Compatibility with the geometric definition. In the geometric context the notion of the diagonal dimension was introduced in [BF12, Definition 2.15]. Namely, for a smooth projective variety X the authors define the diagonal dimension Ddim D b (coh X) of the derived category D b (coh X) to be the least integer n such that there exist
where O ∆ is the structure sheaf of the diagonal on X × X.
The triangulated category D b (coh X) has an enhancement and is equivalent to the category Perf(A) for a (smooth and compact) dg algebra A. In fact any two enhancements of D b (coh X) are quasi-equivalent, see [LO10] . So we may compare the number Ddim D b (coh X) with Ddim Perf(A) as in Definition 4.1. We claim that the two notions of the diagonal dimension agree. 
which are compatible with the box-product ⊠ and such that θ maps the structure sheaf of the diagonal to the diagonal dg bimodule A. This implies the assertion of the lemma. Proof. Assume that the diagonal bimodule A is isomorphic in Perf(A op ⊗ A) to a direct sum A = T 1 ⊕ T 2 for some T 1 , T 2 ∈ Perf(A op ⊗ A). Then for every M ∈ Perf(A) we have
Denote by A 1 (resp. A 2 ) the full subcategory in Perf(A) of such objects
is an indecomposable object then by (4.1) either M ∈ A 1 or M ∈ A 2 . Recall that the category Perf(A) is Krull-Schmidt (see Subsection 2.6), it follows that for any object M ∈ Perf(A) we have a decomposition M ≃ M 1 ⊕ M 2 where M 1 ∈ A 1 , M 2 ∈ A 2 . Therefore, one has an orthogonal decomposition Perf(A) = A 1 × A 2 . By Lemma 2.21 the dg algebra A is Morita equivalent to a product of dg algebras A 1 × A 2 and by Proposition 4.12 we have Ddim Perf(A i ) = 0, i = 0, 1. So we may and will assume that the diagonal bimodule A is indecomposable in Perf(A op ⊗ A).
Because the bimodule A is indecomposable and the category Perf(A op ⊗ A) is KrullSchmidt, we may and will assume that G is indecomposable. Now by Krull-Schmidt property of Perf(A) we get that Perf(A) = [G] 0 . It remains to apply the following lemma.
Lemma 4.7. Let A be a compact dg k-algebra such that Perf(A) = [G] 0 for some G ∈ Perf(A). Then A is Morita equivalent to a finite dimensional division k-algebra.
Proof. Since G is a generator of Perf(A), the dg algebra A is Morita equivalent to the endomorphism dg algebra of G (Corollary 2.7). Hence we may and will assume that G = A. It suffices to prove that H i (A) = 0 if i = 0 and that H 0 (A) is a division algebra. Choose 0 = f ∈ H i (A) and consider it as a morphism f : A → A[i]. The cone of f is a direct sum of shifts of A. Assuming that f is not an isomorphism in Perf(A) (i.e. f : H(A) → H(A) is not an isomorphism) by considering the dimension of the cohomology we conclude that Cone(f ) = A[j] for some j. Moreover, i could be only 0 or 1.
Assume that i = 0. Then by degree considerations we have
Assume that i = 1. Then Cone(f ) ≃ A[1] and we have the exact triangle
As was shown above, the second map is either zero or an isomorphism. In each case we obtain a contradiction with our assumptions.
4.3. Additivity. Proof. We may assume that the diagonal dimensions of Perf(A) and Perf(B) are finite.
We claim that in this case
This follows from the simple general lemma.
Lemma 4.9. Let C and D be dg algebras, K ∈ Perf(C), L ∈ Perf(D). Then for any n and m we have the following inclusion of subsets of objects in Perf(C ⊗ D):
Proof. It suffices to prove the inclusion
Replacing P by an isomorphic object if necessary we may assume that there exists a filtration P = P n ⊃ P n−1 ⊃ . . . ⊃ P 0 by dg submodules and a collection of objects Q 0 , . . . , Q n ∈ [K] 0 such that P 0 = Q 0 and for each i > 0,
→ P i−1 ) for a (closed degree zero) morphism f i . (Hence the quotient dg module P i /P i−1 is isomorphic to Q i ). Similarly every object in [L] m has an isomorphic object P ′ with a filtration
Then the object S := P ⊗ P ′ has the filtration S = S n+m ⊃ . . . ⊃ S 0 , where S a := i+j a P i ⊗ P ′ j . Moreover, for each a > 0 the dg module S a /S a−1 is isomorphic to the direct sum i+j=a Q i ⊗ Q ′ j . Hence S a is isomorphic to the cone of a morphism g a :
This proves the lemma.
The proposition now follows if we take
C = A op ⊗ A, D = B op ⊗ B, K = G ⊗ F , L = G ′ ⊗ F ′ .
Ddim Rdim.
Proposition 4.10. Let A be a dg algebra. Then
Rdim Perf(A) Ddim Perf(A).
Proof. We may assume that Ddim Perf(A) = n < ∞. Let F ∈ Perf(A op ) and G ∈ Perf(A) be such that A ∈ F ⊠ G n , i.e. there exists M ∈ Perf(A op ⊗ A) such that
Consider the functor 
Then (4.2) implies that every N ∈ D(A) is contained in the subcategory

Monotonicity. Assume that C is a dg algebra and let Perf(C) = T, T
′ be a semiorthogonal decomposition. As explained in Remark 2.4 the categories T and T ′ have canonical enhancements T and T ′ induced by the enhancement P erf (C) of Perf(C). By Lemma 2.21 the dg categories T and T ′ are respectively quasi-equivalent to dg categories P erf (A) and P erf (B) for certain dg algebras A and B (so that T ≃ Perf(A) and T ′ ≃ Perf(B)). In this context we have the following result.
Proposition 4.12. In the above notation Ddim Perf(C) Ddim Perf(A), Ddim Perf(B).
Proof. We may assume that Ddim Perf(C) < ∞.
By Lemma 2.21 and Proposition 4.3 we may assume that C is the triangular dg algebra
where A and B are dg algebras and M is a dg B op ⊗A-module. A (right) dg C-module can be described as a row vector [Y, X] where Y is a dg B-module and X is a dg A-module. Let e A = 0 0 0 1 and e B = 1 0 0 0 be the corresponding idempotents in C.
We have the obvious homomorphism of dg algebras
which induces the extension of scalars: a dg functor
Similarly we get the dg functors
. Also ψ A op ⊗A maps the diagonal dg bimodule C to the diagonal dg bimodule A. It follows that Ddim Perf(C) Ddim Perf(A). Similarly one proves that Ddim Perf(C) Ddim Perf(B).
Behavior of Ddim in families.
We have no results in this direction but expect, like in the case of the Rouquier dimension (3.4), that the diagonal dimension is upper semi-continuous in families.
4.7. Ddim for a category with a full exceptional collection. Diagonal dimension of a triangulated category with a full exceptional collection is bounded by the length of the collection. To be more precise, we have Proposition 4.13. Suppose that A is a smooth dg algebra over a field k and assume that Perf(A) has a full exceptional collection having the block structure
Then
Ddim Perf(A) n.
Proof. For any object E ij consider the functor
It is fully faithful, denote its image by B ij . Then the subcategories B ij form a semiorthogonal decomposition
Since A ∈ Perf(A op ⊗ A) it follows that there exists a sequence (4)) that for a smooth quasi-projective k-scheme X we have the estimate
A similar estimate holds for the diagonal dimension.
Lemma 4.14. Let X be a smooth quasi-projective scheme over a perfect field k. Then
Proof. The first inequality follows from Theorem 3.2, (2) and Proposition 4.10. To prove the second we remark that the product X × X is smooth of dimension 2 dim X. Note that since X is quasi-projective, every coherent sheaf on X × X is a quotient of a sheaf M ⊠ N for some locally free sheaves M and N on X. Therefore we can find a resolution of the structure sheaf of the diagonal on
But this group is zero, since Ext 2 dim X+1 (S, T ) = 0 for any coherent sheaves S, T on the smooth variety X × X . It follows that O ∆ is a direct summand of the complex
In some special cases we have the equality Ddim D b (coh X) = dim X. By Proposition 4.13, this equality holds for any projective variety X with a full exceptional collection in D b (coh X) consisting of n = dim X blocks. For example, we have Ddim D b (coh X) = dim X for X being a projective space, a smooth quadric, a smooth del Pezzo surface or a Fano threefold V 5 or V 22 .
Moreover, let X be a smooth affine variety over a perfect field. Then Ddim D b (coh X) = dim X. This follows from the next Proposition 4.15. Let A be a finite-dimensional or a commutative and essentially finitely generated algebra over a perfect field k.
Proof. Note that the algebra A op ⊗A is Noetherian. Denote n = gldim A. We demonstrate that A ∈ A⊗A n . Indeed, by [Ro08, Lemma 7 .2] the projective dimension of the A op ⊗A-module A is n. Since any finitely generated projective A op ⊗ A-module is in A ⊗ A 0 , the statement follows.
But in general, we expect that for most smooth and projective varieties X the diagonal dimension is bigger than dim X. In particular we make the following Conjecture 4.16. Let X be a smooth and projective irrational curve over k. Then Ddim D b (coh X) = 2.
Serre dimension
Let k be a field. We keep the same notational conventions as in Section 4. The Serre functor, if it exists, is unique up to an isomorphism and is triangulated. Theorem [BVdB03, Thm. 1.3] implies in particular that the Serre functor exists for an Ext-finite triangulated category T which is Karoubian and has a strong generator. Therefore the Serre functor exists for the category Perf(A) where A is a smooth and compact dg algebra, or where A is a finite dimensional algebra which has finite global dimension. By Proposition 2.19 the Serre functor is given by the following formula:
Definition of the Serre dimension for categories
. We denote the m-fold tensor product
A m . Given a triangulated category T and an endofunctor F : T → T one can define the upper and lower F -dimension of T , denoted F -dim T and F -dim T . This is done in Section 6 below. In particular one can define the upper and lower Serre dimension of a category that has a Serre functor. Here we only specialize to the case when T has a generator.
Definition 5.2. For two objects G 1 , G 2 in a triangulated category we denote
If Hom
Definition 5.3. Let T be a k-linear Ext-finite triangulated category with a Serre functor S : T → T . Assume that T has a generator. Choose any generators G, G ′ of T and define the upper Serre and the lower Serre dimension of T as follows
The fact that the numbers Sdim T and Sdim T are well defined (i.e. don't depend on the choice of generators) follows from Lemma 6.3 and Definition 6.4. It is clear that equivalent triangulated categories have equal upper Serre and lower Serre dimensions.
Remark 5.4. In Definition 5.3, if T is a non-zero category then for any G, G ′ and m we get Hom
• (G, S m (G ′ )) = 0. Consequently, e − e + are finite numbers and one has Sdim T Sdim T.
For T = 0 Definition 5.3 gives Sdim T = +∞, Sdim T = −∞, this does not look fine.
Further when dealing with the Serre dimension we will always assume that the category is non-zero.
In case A is a smooth and compact dg k-algebra and T = Perf(A), one can replace lim sup and lim inf in the above definition by lim.
Proposition 5.5. Let A be a smooth and compact dg algebra over k. Choose any gener-
In particular, if we put G = G ′ = A the above formulas read as follows
Moreover these limits are finite.
Proof. This follows immediately from Propositions 6.13 and 6.8.
Lemma 5.6. Suppose that X is a smooth projective equidimensional variety over k. Then
Proof. Let n = dim X. Recall that the Serre functor on D b (coh X) is isomorphic to (−)⊗ω X [n]. Recall also that for any coherent sheaves F 1 , F 2 on X we have Ext
There exist examples of categories with negative Serre dimension.
Example 5.7. Let A = k ε be the algebra of dual numbers. Consider it as a dg algebra with zero differential and deg ε = w ∈ Z. The category Perf(A) has the Serre functor
. Thus the Serre functor is isomorphic to the shift [w]. So Sdim Perf(A) = Sdim Perf(A) = w; it is negative if w < 0.
Note that the dg algebra A in Example 5.7 is compact but not smooth. The next example provides a smooth and compact dg algebra with negative lower Serre dimension. It was communicated to us by D. Orlov.
Example 5.8 (See [El] ). Consider the triangulated category T generated by an exceptional pair E 1 , E 2 . Let V be the graded space Hom
• (E 1 , E 2 ), suppose V is finite dimensional. Alternatively, consider the quiver with two vertices and n = dim V arrows going in one direction. Put gradings on arrows and consider the corresponding graded path algebra A = ke 1 ⊕ ke 2 ⊕ V with zero differential. Then T ≃ Perf(A). Such A is smooth and compact. Suppose that n 2, then we have Rdim T = Ddim T = 1. Denote by w = sup V − inf V the difference between the degrees of the maximal and the minimal nonzero graded components of V . Then
In particular, Sdim T can be negative.
We expect that categories Perf(A) for smooth and compact dg algebras A have nonnegative upper Serre dimension. We don't know if the Serre dimension can be irrational. For the upper Serre dimension we have the following conjecture.
Conjecture 5.12. Let A be a finite dimensional algebra. Assume that A has finite global dimension. Then Sdim Perf(A) = 0 if and only if gldim A = 0.
Of course the "if" direction of the conjecture is easy. If fact it is a special case of the following general result.
Proposition 5.13. Let A be a finite dimensional algebra which has finite global dimen-
Proof. Consider the Serre bimodule A * . It suffices to show that it has a resolution
To construct a resolution P • as above one may start by taking P 0 = A * ⊗ k A with the obvious surjection of bimodules P 0 → A * and apply the same procedure to its kernel instead of A * . After d steps one obtains as a kernel a bimodule P d which is projective as a right A-module.
Monotonicity. Monotonicity for Serre dimension does not hold as the following examples demonstrate.
Example 5.14. Let A be the algebra from Example 5.11 and A = Perf(A). Let P 0 and P 1 be the projective modules corresponding to vertices 0 and 1. Then (P 0 , P 1 ) is a strong exceptional collection in A. Hence the subcategory B = P 0 , P 1 is admissible in A, it is equivalent to Perf(B) where B = End(P 0 ⊕ P 1 ) is the path algebra of the quiver • → • of type A 2 . By Example 7.2, one has Sdim B = 1/3 > 0 = Sdim A.
We have learned about the next example from D. Orlov.
Example 5.15. Let X = F 3 be the Hirzebruch surface. We claim that the category D b (coh X) has an admissible subcategory B equivalent to a category from Example 5.8 with w = 2. Then Sdim
where the last equality is by Lemma 5.6. Let F ⊂ X be a fiber and S ⊂ X be the (−3)-curve. Consider the exceptional collection of line bundles
. Then the pair (O X (−F ), E) is exceptional and Hom i (O X (−F ), E) = 0 for i = −1, 0, 1. Consequently in notation of Example 5.8 one has w = 2. Therefore Sdim O X (−F ), E = 3.
One might expect that monotonicity of Serre dimension holds for categories such that Sdim = Sdim. But, to our knowledge, even the following special case is an open problem: given smooth projective varieties X and Y such that Proof. Put C = A ⊗ B. Everything follows from the quasi-isomorphism of complexes for any m 1.
Behavior in families.
Here we prove the following result. Recall that a function f : X → R on a topological space X is called upper (resp. lower ) semi-continuous if for any c ∈ R the subset f
Theorem 5.17. Let R be a commutative Noetherian ring and let A be an R-h-projective smooth and compact dg R-algebra. For a point x ∈ Spec R denote by A x the smooth and compact dg k(x)-algebra A ⊗ R k(x).
(a) Then for any c ∈ R the subsets (5.2) {x ∈ Spec R | Sdim Perf(A x ) c} and {x ∈ Spec R | Sdim Perf(A x ) c} are closed under specialization in Spec R. (b) Assume in addition that A is concentrated in degree zero, i.e. A is an R-algebra, and assume that A is a projective (finitely generated) R-module. Then the subsets (5.2) are closed in Zariski topology. That is, Sdim and Sdim are respectively upper and lower semi-continuous functions on Spec R.
We expect that the subsets (5.2) are closed for all R-h-projective smooth and compact dg R-algebras.
The proof of Theorem 5.17 will take several steps. (1) The B-modules Im(d −1 ) and Im(d 0 ) are free;
(In fact, conditions (1) and (2) imply that in (2) one has an equality.) 3), the assumption (2) and the Nakayama lemma. (Note that this implies that the inequality in (2) is actually an equality).
Proposition 5.19. Let R be a commutative Noetherian ring and let P
• be a perfect Rcomplex. We identify P
• with a complex of quasi-coherent sheaves on Spec R. Then for any i the subset
is open in Spec R. In particular the functions
are upper and lower continuous on Spec R.
Proof. The second assertion follows from the first one.
To prove the first assertion we may replace P • by a quasi-isomorphic strict perfect complex. We may assume that i = 0 and that P • is the complex P
→ P 1 of finitely generated free R-modules. Consider the R-modules Im(d −1 ) and Im(d 0 ). For a point x ∈ SpecR and an R-module M denote by M x its stalk at x, it is a module over the local ring R x . We have
). Therefore we may apply Lemma 5.18 to conclude that H 0 (P • ⊗ R k(x)) = 0 if and only if
The condition (1) 
is open for any a, since it is given by nonvanishing of some minors of a matrix with entries in R.
We can now prove Theorem 5.17.
Proof. (a) By Proposition 2.19 the Serre bimodule
By Proposition 2.19 for any point x ∈ Spec R we have
) which is the Serre bimodule for A x . Also note that by Lemma 2.12(4)
for any x ∈ Spec R and m > 0. Since the R-complex (A * ) L ⊗ A m is perfect, it follows from Proposition 5.19 that if x, y ∈ Spec R and x ∈ {y}, then
Passing to limits, we get Sdim Perf(A y ) Sdim Perf(A x ). Similarly, Sdim Perf(A y ) Sdim Perf(A x ). This proves the first assertion of the theorem.
(b) Now assume that A is in addition concentrated in degree zero and is a finitely generated projective R-module. We first prove that the function Sdim Perf(A x ) is lower semi-continuous on Spec R.
Choose a projective resolution P • → A * of the A op ⊗ R A-module A * = Hom R (A, R). Then P
• also consists of projective right A-modules and
Recall (Proposition 5.5) that
Fix c ∈ R. We claim that
Indeed, suppose for some x, Sdim Perf(A x ) > c. Then
for some m, n. Vice versa, suppose for some n 0 , m 0 we have sup
−m 0 and m 0 /n 0 > c. It follows that for any l > 0 we have
(because A is concentrated in degree zero!) and so
Passing to the limit as l → ∞ we find that Sdim Perf(A x ) m 0 n 0 > c. Now we apply Proposition 5.19 to the perfect R-complex (P • ) ⊗ A n and conclude that for all m, n the subset
is open in Spec R. Therefore also the subset {x ∈ Spec R | Sdim Perf(A x ) > c} is open for all c. So the function Sdim Perf(A x ) is lower semi-continuous.
To prove that the function Sdim Perf(A x ) is upper semi-continuous on Spec R we need to use some results of Section 6 where we consider the upper and lower dimension of a triangulated category T with respect to an endofunctor F . These are denoted by F -dim T and F -dim T . If T = Perf(A) and F = S is the Serre endofunctor then S -dim T = Sdim T and S -dim T = Sdim T .
Consider the inverse Serre functor S −1 : Perf(A) → Perf(A). By Lemma 2.18 we have
, it is a perfect R-complex (Lemma 2.12). Also for any x ∈ Spec R there is an isomorphism of dg
of the Serre functor S x : Perf(A x ) → Perf(A x ) (Lemma 2.18). Now the same argument as above for the lower Serre dimension Sdim Perf(A x ) = S x -dim Perf(A x ) shows that the function S −1 x -dim Perf(A x ) is lower semi-continuous on Spec R. By Corollary 6.7 we know that
Hence the function S x -dim Perf(A x ) = Sdim Perf(A x ) is upper semi-continuous. This completes the proof of Theorem 5.17.
6. Dimension of a category with respect to an endofunctor 6.1. Upper and lower dimension of a category with respect to an endofunctor. Recall Definition 5.2: for objects G 1 , G 2 of a triangulated category T we denote
Definition 6.1. Let T be a triangulated category with a triangulated endofunctor F :
The following lemma is straightforward.
Lemma 6.2. Take the assumptions of Definition 6.1.
(1) We have
and
Lemma 6.3. Suppose T has a generator. Then for any generators G, G ′ and any objects G 1 , G 2 one has
Proof. We will only prove the first inequality. The proof of the second one is similar. We first prove
We may assume that G 1 ∈ [G] n and will argue by induction in n. Let n = 0, that is G 1 is isomorphic to a finite sum ⊕G[d i ]. Then we may assume that
Similarly one checks that
Definition 6.4. Let T be a triangulated category with a generator. Let F : T → T be a triangulated functor. We define the upper and lower F -dimension of T as
where G, G ′ are some generators of T .
By Lemma 6.3, the quantities F -dim T and F -dim T are well defined: F -dimension does not depend on the choice of generators.
Lemma 6.5. Let T be a triangulated category with a generator. Let F : T → T be a triangulated functor, suppose that F is not nilpotent. Then
Proof. Indeed, let G ∈ T be a generator. Then for any m we have Hom
The statement now follows by passing to the limits. Proposition 6.6. Suppose that T is a k-linear Ext-finite triangulated category with a generator. Suppose also that T has a Serre functor S. Let F : T → T be a triangulated functor. Then for any generators G, G ′ ∈ T one has
Proof. Clearly, for any objects G 1 , G 2 ∈ T one has
Therefore one has lim inf
Proposition 6.7. Suppose that T is a k-linear Ext-finite triangulated category with a generator. Suppose also that T has a Serre functor S. Let F : T → T be an autoequivalence. Then
Proof. Indeed, let G, G ′ ∈ T be generators. Then by Proposition 6.6 we have
Finally, for the category Perf(A) where A is a compact dg algebra we demonstrate that the F -dimension is finite provided that F is not nilpotent. Proof. We can take G = G ′ = A, then
Since F is not nilpotent, the numbers e − (A, F N (A)) and e + (A, F N (A)) are finite for any N. Note that e − (A,
A N . It remains to apply Lemma 6.9 below.
Lemma 6.9. Let A be a compact dg algebra and let K be a perfect dg
A N | as functions of N. Then they are bounded by a linear function.
. It suffices to prove the statement for K ⊕ K ′ . So we will assume that K ∈ [A ⊗ A] and thus K has a finite filtration by dg (A op ⊗ A)-submodules with associated graded isomorphic to a finite direct
A N has a similar filtration with the associated graded isomorphic to (grK)
6.2. F -dimension and entropy. For the rest of this section we fix a field k and follow the same assumptions as in Section 4. In particular all our categories will be k-linear.
We will use results of [DHKK13] on the entropy of an endofunctor. For our applications we only need to consider the case when the category T is equivalent to Perf(A) for a smooth and compact (k-) dg algebra A. Moreover we will only consider endofunctors F : Perf(A) → Perf(A) of the form
for a dg A-bimodule K. We will call such endofunctors tensor endofunctors.
In [DHKK13] the authors define the entropy of a triangulated endofunctor F on a triangulated category T as a certain function h t (F ) : R → R ∪ {−∞}. For T = Perf(A) where A is a smooth and compact dg algebra and for a tensor endofunctor F : Perf(A) → Perf(A) their definition is equivalent to the following.
Definition 6.10 ([DHKK13, Definition 2.4, Theorem 2.6]). The entropy h t (F ) of an endofunctor F : T → T on a k-linear Ext-finite triangulated category with a generator is defined as (6.1) h t (F ) = lim
where G is a (arbitrary) generator of T . For a nilpotent functor F the formula (6.1) should read as h t (F ) = −∞ for all t ∈ R.
Theorem 6.11 (See [DHKK13, Lemma 2.5, Theorem 2.6]). Let T = Perf(A) where A is a smooth and compact dg algebra. Let F : T → T be a tensor endofunctor. Let G ∈ T be a generator. For any t ∈ R, the limit (6.1) exists in [−∞, +∞) and does not depend on G. Moreover, for any generators G, G ′ ∈ T one has h t (F ) = lim
Given a tensor autoequivalence F : Perf(A) → Perf(A) for a smooth and compact dg algebra A, one can recover the upper and the lower F -dimension of Perf(A) from the entropy function h t (F ), see Proposition 6.13 below.
Lemma 6.12. Let A be a smooth and compact dg algebra and let F : Perf(A) → Perf(A) be a tensor endofunctor. Then for any generators G, G ′ ∈ T there exists c > 0 such that for any N 0
Proof. Entropy h 0 (F ) is the limit Moreover, if F is not nilpotent, then these limits are finite.
Proof. Let us prove the equalities in the first row. The equalities in the second row can be proved similarly. One has for t > 0
The last inequality here is by Lemma 6.12. and lim t→+∞ h t (F )/t exist and are equal. They are also equal to F -dim Perf(A) by Definitions 6.1 and 6.4.
The assertion about finiteness follows from Proposition 6.8.
As a byproduct of our methods we also obtain the following result.
Proposition 6.14. Let A be a smooth and compact dg algebra. Let F : Perf(A) → Perf(A) be a tensor endofunctor. Assume that F -dim Perf(A) = F -dim Perf(A) (in particular, F is not nilpotent). Then one has h t (F ) = h 0 (F ) + (F -dim Perf(A)) · t. Passing to limits as N → ∞, we get h t (F ) (F -dim Perf(A)) · t + h 0 (F ).
Similarly we get that h t (F ) (F -dim Perf(A)) · t + h 0 (F ).
As F -dim Perf(A) = F -dim Perf(A), the statement follows. For t < 0 the proof is analogous.
The following theorem is a generalization of Theorem 5.17 for the upper and lower dimension of a category with respect to an endofunctor. The proof is exactly the same and we omit it.
Theorem 6.15. Let R be a commutative Noetherian ring and let A be an R-h-projective smooth and compact dg R-algebra. Let K ∈ Perf(A op ⊗ R A) and consider the corresponding functor Φ K : Perf(A) → Perf(A). For a point x ∈ Spec R denote by A x the smooth and compact dg k(x)-algebra A ⊗ R k(x) and consider the object K x := K (a) Then for any c ∈ R the subsets {x ∈ Spec R | Φ Kx -dim Perf(A x ) c} and (6.2) {x ∈ Spec R | Φ Kx -dim Perf(A x ) c} (6.3) are closed under specialization in Spec R. (b) Assume in addition that A is concentrated in degree zero, i.e. A is an R-algebra, and assume that A is a projective finitely generated R-module. Then the subset (6.3) is closed in Zariski topology. That is Φ Kx -dim Perf(A x ) is a lower semicontinuous function on Spec R. If moreover Φ K is an autoequivalence of Perf(A), then also the subset (6.2) is closed, i.e. Φ Kx -dim Perf(A x ) is an upper semicontinuous function on Spec R.
Comparison of the three dimensions
It would be interesting to compare the different notions of dimension. The Rouquier and diagonal dimensions are of similar nature, which allows one to compare them easily. In fact we know that Rdim Perf(A) Ddim Perf(A) (Proposition 4.10). But we do not have a systematic procedure of comparing the Serre dimension with the other two. In [El] the Serre and the Rouquier dimension are computed for many interesting examples. Here we present some of the results.
Example 7.1 (See [El] ). Let Γ be a nontrivial connected quiver without oriented cycles and kΓ be its path algebra over field k. Then we have the following
• Rdim Perf(kΓ) = 0 if Γ is a Dynkin quiver of types A, D, E; Rdim Perf(kΓ) = 1 otherwise.
• Ddim Perf(kΓ) = 1.
